Kontsevich and Soibelman introduced a notion of orientation data on Calabi-Yau category. It can be viewed as a consistent choice of spin structure on moduli space of objects in the given category. The orientation data plays an important role in Donaldson-Thomas theory. Let X be a projective, simply connected and torsion free CY 3-fold. We prove the existence of orientation data for the moduli space of coherent sheaves on X.
Introduction
The goal of this paper is to prove the existence of orientation data (See Definition 2.7) on the moduli spaces of coherent sheaves on certain Calabi-Yau threefolds. Orientation data is introduced by Kontsevich and Soibelman in the study of motivic Donaldson-Thomas (DT) theory (Definition 15 of [14] ). Roughly speaking, an orientation data on a CY 3-fold X is a consistent choice of square root of the determinant line bundle on the moduli space of coherent sheaves on X. The orientation data studied in this paper (Definition 2.7) has some tiny differences with the one studied by Kontsevich and Soibelman (Definition 15 of [14] ). We refer the readers to remark 2.8 for a careful discussion about the differences. If we restricted to moduli space of coherent sheaves instead of arbitrary complexes then Definition 2.7 is stronger than Definition 15 of [14] .
Orientation data plays an important role in DT theory. Given a CY 3-fold X, the classical numerical DT invariants are virtual Euler number of the moduli spaces of coherent sheaves on X. Because the moduli spaces are highly singular and carry continuous automorphisms it is highly nontrivial to define such invariants. The foundation are settled by Joyce and Song [13] in the context abelian category, Kontsevich and Soibelman [14] in the context of triangulated category. Using the big machines in [13] [14] , one can obtain an element in appropriate ring of motives for each moduli space. This is the so-called motivic DT invariants. By applying certain motivic functions (such as Euler characteristic) to the motivic DT invariants we obtain more classical invariants (such as the numerical DT invariants). Kontsevich and Soibelman observed that the motivic DT invariants are well defined subject to the existence of orientation data. Geometrically, the orientation data may be interpreted as a consistent choice of spin structure on the moduli space. The existence of such a spin structure is related to the anomaly cancellation in string theory [2] .
In this paper, we prove existence of orientation data on a special class of CY 3-folds. The main theorem is: Theorem 1.1. If X is a projective, simply connected torsion free CY 3-fold, the moduli space of coherent sheaves has an orientation data.
The proof of theorem 1.1 uses a combination of techniques in gauge theory and surgery theory. The same technique was widely used in the study of 2D and 4D Yang-Mills theory. We give a brief sketch of the proof. First, we embed the moduli space of coherent sheaves locally into moduli space of holomorphic vector bundles. Then the determinant line bundle can be presented as determinant of∂-operators. This point view has the advantage that it gives an explicit local trivialization for the determinant line bundle. Second, using gauge theory we identify moduli space of holomorphic vector bundles with moduli space of integrable partial connections. It lies as an analytic subspace in the space of all partial connections, which is a smooth infinite dimensional space. Using index theory, we extend the determinant line bundle to the ambient space. The idea is to show existence of a consistent square root for the extended determinant line bundle. Finally, we reduce this question to a calculation of Atiyah-Singer family index theorem and a computation of torsion class for cohomology of certain space of principle bundles. The consistent condition is equivalent to existence of the square root of certain function on the infinite dimensional space. We show the obstruction is certain torsion class in the cohomology.
Orientation data also appears in another generalization of DT theory -the cohomological DT theory [15] [16] [3] . The cohomological DT invariant is a perverse sheaf (more general mixed hodge module) over each moduli space. By taking appropriate generating series of graded dimensions, we obtain the numerical DT invariants. The existence of such a perverse sheaf (or mixed hodge module) also relies on the existence of the orientation data. The interested readers may refer to [16] and [3] for precise statements. This paper is organized as follows. In section 2, we recall two constructions of determinant line bundle with emphasis putting on the differential geometric construction (subsection 2.2). The definition of orientation data is given in the end of this section. In section 3, we prove the first chern class of the determinant line bundle is divisible by two modulo torsion. In section 4, we identify the obstruction to the existence of orientation data with certain torsion classes. Under certain topological assumption on X, we show such classes vanish. The main theorem 1.1 is proved in section 5.
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In this paper, a CY threefold is closed Kahler manifold X of dimension 3 with trivial canonical line bundle and H 1 (O X ) = 0.
Determinant line bundle and orientation data
Let X be a smooth projective variety over C. The polarization defines a Kahler class ω on X. We denote the underlying Kahler manifold by the same letter X. We will consider two types of moduli spaces over X. The first is the moduli space of algebraic coherent sheaves on X, denoted by M X (M for simplicity).
It is an algebraic stack locally of finite type. The second is the moduli space of holomorphic vector bundles on X, denoted by M X (M for simplicity). It is an analytic stack locally of finite type. When the coherent sheaves are locally free sheaves of finite rank, the first moduli space has an analytification that can be identified with the second moduli space. Such identification is proved in [12] . In either cases, the moduli space splits into disjoint unions indexed by the classes in topological K-theory:
where M β (respectively M β ) denotes for moduli space of coherent sheaves (respectively vector bundles) with class β. Both M and M have universal families. The goal of this section is to define the determinant line bundles for these universal families.
Determinant line bundle on M
Let E be the universal sheaf over M × X. Denote the projection M × X → M by π. The (sheaf-) derived endomorphism RHom(E, E) is a perfect complex on M × X. Because π is proper, π * RHom(E, E) is a perfect complex on M. By the work of Knudsen and Mumford (Chapter I of [11] ), there is a functor "sdet" 1 from the category of perfect complexes to the category of invertible sheaves. We define the determinant line bundle of M to be sdet(π * RHom(E, E) [1] 
The reason to put a shift [1] is that we want the Zariski tangent space of M to be in degree zero. There is a graded Lie algebra structure on i Ext i X (E, E) given by anti-commuting the associative product. Its degree zero piece is a Lie algebra, which is the Lie algebra associated to the group of automorphisms Aut(E). There is an adjoint action of Aut(E) on i Ext
In many situations, we are more interested in the "good" part of the moduli space. Given an ample line bundle on X, one can defined subsets M s (M ss ) of M consisting of stable (semistable) sheaves. There is a underlying coarse moduli scheme for M s (or M ss ). Even though the universal family doesn't exist on the coarse moduli scheme, the determinant line bundle can still be defined. This is discussed in details in section 8.2 of [9] .
We now discuss the properties of L under taking exact sequences. Let M (2) be the moduli space of short exact sequences of sheaves: E 1 → E 2 → E 3 . We denote the morphisms mapping the short exact sequence to E 1 , E 2 and E 3 by a 1 , b and a 3 respectively. If we denote the universal exact sequence by E (2) then sdet(π * RHom(E (2) , E (2) )) is a line bundle over M (2) . Because E (2) is exact, this line bundle has a trivialization given by the determinant of differentials of E (2) . On the other hand, sdet(π * RHom(E (2) , E (2) )) can be written as
) where E 1 , E 2 and E 3 denote for the corresponding universal families. If X is a CY threefold then sdet(π * RHom(E 1 , E 3 )) is isomorphic to sdet(π * RHom(E 3 , E 1 )). We obtain an isomorphism θ of determinant line bundles:
Remark 2.1. The construction of the determinant line bundle in this subsection can be generalized to moduli space of objects in triangulated categories with mild assumptions. The above isomorphism θ exists when the triangulated category has a structure of a CY 3-category. We refer to section 5 of [14] for more details.
In this subsection, we define the determinant line bundle on moduli space of holomorphic vector bundles M. Our main references are [7] , [6] and [8] .
Let E be a holomorphic vector bundle on X. A partial connection on E is a linear map∂ E : A 0,0 (E) → A 0,1 (E) satisfying the Leibniz rule.∂ E is called integrable if its curvature F∂ E :=∂ 2 E ∈ A 0,2 (ad E) vanishes. Fix a reference partial connection∂ E , the space of all partial connections is equal to {∂ A :=∂ E + A|A ∈ A 0,1 (ad E)}. In other word, it can be identified with the underlying affine space of A 0,1 (ad E). We will denote this infinite dimensional affine space by A . The space of integrable connections, denoted by A (1, 1) , is the zero set of the Maurer-Cartan equation
It is a standard fact that a partial connection∂ A defines a holomorphic structure on E if and only if A satisfies the Maurer-Cartan equation (Theorem 2.1.53 [7] ). The C ∞ automorphisms of E forms an infinite dimensional complex Lie group G c . Its Lie algebra is A 0,0 (ad E). Clearly, the solution set of the MaurerCartan equation is preserved by the action of G c . The orbits space
parametrizes the equivalence classes of holomorphic structures on E. This space sits inside a bigger space A /G c which parametrizes equivalence classes of partial connections (not necessarily integrable) on E. This is the gauge theoretic construction of the moduli space of holomorphic vector bundles.
Fix a Kahler metric g on X with class ω and a hermitian metric h on E. There exists a unique connection ∇ E that is compatible with the holomorphic structure on E and the metric h (Lemma 2.1.54 [7] ). The hermitian metric h determines a sub Lie algebra of ad E consisting of endomorphisms preserving h. We denote it by u E . The space of all unitary connections on E is {∇ E + a|a ∈ Ω 1 (u E )}. The unitary automorphisms of E form an infinite dimensional Lie group G with Lie algebra Ω 0 (u E ). The former group G c can be viewed as the complexification of G . We can identify A 0,1 (ad E) and Ω 1 (u E ) by the map
The orbits space A /G parametrizes equivalence classes of unitary connections on E. Because G c /G is contractible, A /G and A /G c are weakly homotopic equivalent.
For every A in A , we form a family of elliptic operators
A is the adjoint operator respect to the metrics h and g. Let {λ} be the spectrum of the Laplacian D *
, on which l / ∈ {λ}. We define the determinant line bundle L first locally over U l and then specify the transition function on the overlaps.
Over U l , the sums of eigenspaces H
λ , associated to eigenvalues below l are vector bundles locally of constant rank. We define
is the direct sum of λ-eigenspaces with l < λ < k. Because D A commutes with the Laplacian, we may denote
. Let s be an arbitrary section of L| U l . The transition function is defined to be
The cocycle condition is a consequence of the fact that D
By identifying unitary connection with the corresponding partial connection, we put a complex structure on A . Then A (1,1) is a complex analytic subvarity of A . Over A (1,1) , we form family of cohomology groups
is defined in a similar way to L; the fibers L A are:
Locally in A
(1,1) , we can find holomorphic finite rank sub complexes
such that the inclusion map is a quasi-isomorphism. The details of the construction can be found in section 2 of [8] .
Theorem 2.2. (Proposition 12 [6]) There is an isomorphism of
Remark 2.3. The construction of the isomorphism j is very interesting and exhibits interesting analytic properties of L. Because in this paper we use only the existence of j but not its specific properties, we will omit j and write L = L| A (1,1) .
Remark 2.4.
There is an action of G on the line bundle L and an (holomorphic) action of G c on the line bundle L .
Remark 2.5. We can relate the line bundle L with determinant line bundle constructed in the previous section as follows. Let M be the moduli space of algebraic vector bundles and M be its analytification. In [12] Thm 3, Miyajima proved the complex analytic structure of M coincides with that of
This implies the determinant line bundle in the previous section is isomorphic to L as holomorphic line bundles.
Let E 1 ⊂ E 2 be an inclusion of holomorphic vector bundles such that E 3 = E 2 /E 1 is again a vector bundle. We denote the parabolic sub Lie algebra of End E 2 that preserves E 1 by p. By choosing a hermitian metric, E 2 can be identified with E 1 ⊕ E 3 as C ∞ vector bundles. Then p splits into End(E 1 ) ⊕ End(E 3 ) ⊕ Hom(E 3 , E 1 ). The holomorphic structures on E 1 and E 3 define two partial connections∂ E1 and∂ E3 . Let A be an element in A 0,1 (p). The partial connection∂ A :=∂ E1 ⊕∂ E3 + A is integrable if it satisfies the Maurer-Cartan equations:∂
where A 1 , A 3 and A 31 are the components of A respect to the decomposition of p. We denote the underlying affine space of A 0,1 (p) by A (2) . The solutions to the above equations form a complex analytic sub variety Z (2) of A (2) . The complex gauge transforms of E 2 that preserves E 1 form an infinite dimensional group P c . This group is homotopic equivalent to the Lie group P associated to the Lie algebra Ω 0 (u E1 ⊕ u E3 ). However, P c is NOT the complexification of P. The orbits space M (2) := Z (2) /P c parametrizes pairs of holomorphic vector bundles
The projections from p to its three components induces projections of moduli spaces:
The inclusion p → ad E 2 induces a map b :
and denote it again by L. If X is a CY threefold, the determinant line bundle defined by exchanging E 3 and E 1 is canonically isomorphic to L.
We sketch the proof. There is a universal family of short exacts sequence of
. If we fix a hermitian metric on E 2 then there is an isomorphism E 2 ≃ E 1 ⊕ E 3 . The determinant of
Notice that the isomorphism θ is not natural since it depends a choice of splitting. However, the restriction θ| Z (2) is natural. This is because over Z (2) the determinant can be defined as alternating tensor power of Dolbeault cohomology groups which involves no choice of metric. This also gives a holomorphic structure on it.
Denote L| Z (2) by L . The action of P on A (2) lifts to L and the holomorphic action of P c on Z (2) lifts to L . Therefore, the picture is parallel to the case of a single bundle except that P c is not the complexification of P. Again by [12] and [13] , L over M (2) coincides with the analytification of L over M (2) constructed in the previous section.
Orientation data
We define a holomorphic (versus constructible) version of Kontsevich-Soibelman's orientation data. Let X be a compact CY threefold. Recall that M is the moduli space of coherent sheaves on X and M is the moduli space of holomorphic vector bundles on X.
Definition 2.7. Orientation data on M (resp. M) consists of a choice of an algebraic (resp. holomorphic) line bundle
⊗2 ≃ L and such that for the natural pull-backs a 1 , a 3 and b to M (2) (resp. M (2) ) we are given isomorphisms:
Remark 2.8. Orientation data first appears in the work of Kontsevich and Soibelman on motivic Donaldson-Thomas theory. Motivic DT theory is a a theory about invariants of CY 3-category. In [14] , the authors proved the moduli space of objects in a CY 3-category has a structure of ind-constructible ∞-stack. The determinant of the universal family is an ind-constructible super line bundle over the moduli space. One may understand the notion of ind-constructible line bundle as follows. The deformation and obstruction sheaves are in general not a vector bundle over the moduli space. However, one can stratify the moduli space by locally closed sub stacks such that over each strata they are vector bundles. Therefore, by taking the super determinant of the restriction of deformationobstruction complex over the strata we obtain an ind-constructible line bundle L . The orientation data of Kontsevich-Soibelman (Definition 15 of [14] ) is a choice of ind-constructible square root of L satisfying equation 2.2. Definition 2.7 is stronger than definition 15 of [14] on one hand since the constructible condition is dropped. In [14] , the orientation data is used in the definitions of motivic weight (Definition 17) and integration map (Theorem 8). Because the invariants are motivic, only the ind-constructible square root is needed. There is another generalization of DT invariants called cohomological DT invariant ([15] [16] [3] ). The output of this theory is a perverse sheaf (more general, a mixed hodge module) on the moduli space. The existence of such a perverse sheaf relies on the existence of the orientation data in the sense of definition 2.7 ([16][3] ).
On the other hand, definition 2.7 is more restrictive than definition 15 of [14] because we look at moduli space of coherent sheaves but not arbitrary objects in triangulated category.
We review several standard facts about sheaf cohomology. Let M be a manifold, complex or real possibly infinite dimensional. Suppose {U α } is an open covering of M . A smooth complex line bundle L over M is defined by a collection of trivialization maps φ α : L| Uα → U α × C together with a collection of transition functions g αβ :
When M is a complex manifold we say L is a holomorphic line bundle if g αβ , φ α are holomorphic. We may assume the open covering {U α } satisfies the additional condition that U α and U α ∩ U β are simply connected. Such open covering always exists on paracompact spaces. Consider a new line bundle √ L that is locally trivialized by
Choose transition functions
One can check that
The isomorphism is given by identifying √ φ α ⊗2 with φ α . Moreover, if M is simply connected then √ L is unique up to isomorphisms. Assume M is simply connected. Let θ : L → K be a morphism between two line bundles. Suppose both L and K admit square roots. Then √ θ : √ L → √ K exists and it is unique up to a sign.
Rational c 1 (L)
The goal of this section is to compute the first chern class of the determinant line bundle. We first recall a construction in gauge theory adopting notations of chapter 5 of [7] . Let X be a compact complex manifold and G be the unitary group U (n).
Let P be a principal G bundle over X. Let A = A X,P be the space of connections on P and G be the gauge group. Denote the orbit space A /G by B. Sometime, when there is doubt about which manifold is involved, we write B X instead.
Because the action of G is not free, it is much easier to work with framed connections. If x 0 is a base point on X, a framed connection is a pair (A, φ) where A is a connection and φ is an isomorphism of G-spaces φ : G → P x0 . The gauge group G acts naturally on space of framed connections and we writeB for the orbit spaceB = (A × Hom(G, P x0 ))/G .
There is an action of G onB such that the quotient stack is B. One way to think of this quotient is to regard a framing φ as fixed and define G 0 ⊂ G to be its stabilizer, that is
ThenB may be described as A /G 0 and the projectionB → B is simply the quotient map for the remainder of the gauge group,
In the parabolic case, we denote the orbit space A (2) /P by B (2) . Recall that the gauge group P is the group of smooth maps from X to P := U (n−m)×U (m) where m and n are ranks of E 1 and E 2 respectively. In a similar way, we can write B
(2) as a quotientB (2) /P whereB (2) is the space of framed parabolic connections.
Over A , there is a universal family of connections on principle U (n) bundle P (or equivalent partial connections on hermitian vector bundles E). There is a universal family of elliptic operators D A associated to connections A on the index bundle
In section 2.2, we define the determinant line bundle of the index bundle. Similarly, there is universal family of operatorsD A on A × Hom(G, P x0 ) associated to framed connections. Its determinant line bundle L is G-equivariant overB (see section 5.2.1 [7] ),. Our primary interest in the section is to compute the G-equivariant first chern class of L modulo torsion. The computation of G-equivariant c 1 (L) onB can be reduced to the computation of usual c 1 of the lift of L to the homotopy fiber spaceB × G EG. For simplicity, we denote the lift of L by the same letter. We want to show c 1 (L) is an even cohomology class in H 2 (B × G EG, Z). BecauseB × G EG has a structure of infinite dimensional manifold, it suffices to show that for any embedded surface C →B × G EG, c 1 (L| C ) is divisible by two.
Restrict the universal bundle E to C × X and denote the adjoint bundle ad E by F for simplicity. The family version of Atiyah-Singer index theorem says
HereÂ(X) is equal to 1 − p 1 (X)/24 with p 1 (X) being the first Pontryagin class of X and /[X] stands for the slant product. Because X is a complex manifold, p 1 (X) = −2c 2 (X) andÂ(X) = td X . If we denote the projection C × X → C by π and C × X → X by p then we may rewrite the index theorem as
Proof. The Todd class of X is 1 + c 2 (X) 12 .
The chern character of E (on C × X) is By index theorem,
Separate terms depending on rank and terms independent of rank. 
The rank depending term is even since c 1 (π ! E) belongs to H 2 (C, Z). We need to show the rank independent term is even.
Lemma 3.2. Let A be a class in H
2 (X, Z). Then
Proof. Let A be c 1 (D) for some divisor D on X. By Riemann-Roch theorem,
Since this must be an integer, the lemma follows.
By Kunneth formula, c 1 can be written as p * A + π * B where A ∈ H 2 (X, Z) and B ∈ H 2 (C, Z). The previous lemma shows that the term
is even. Suppose r is odd, there exists a divisor D such that c 1 (E(D)) is even while ad E is isomorphic to ad E(D). Therefore, we can assume c 1 c 3 to be even. Finally, c
is even, where a ∈ H 4 (X, Z), b ∈ H 2 (X, Z) and c ∈ H 2 (C, Z). We have proved the theorem under the assumption that rank r is odd. Suppose E has rank r = 2k > 0, we consider a short exact sequence
where K is an arbitrary line bundle. The equality of chern characters
shows c 1 (π ! ad E) and c 1 (π ! (ad E ⊕ K)) have the same parity. Then the even rank case is proved.
Torsion ofB
In this section, under certain topological assumptions on the CY threefold X we show the cohomology groups H 1 (B×, Z) and H 2 (B×, Z) are torsion free. The moduli space of vector bundles M maps to the Picard variety of X by sending E to det(E). Because the Picard variety is discrete we may consider moduli space of vector bundles with fixed determinant instead. In other word, we can take G = SU (n) instead of U (n). This will simplify some of the calculations.
Topology of space of principle bundles
We recall a standard theorem in algebraic topology. [7] ) Let P be a principle G bundle over X. There is a weak homotopy equivalencẽ
where M ap * denotes for base-point-preserving maps and M ap * (X, BG) P denotes for the homotopy class corresponding to the bundle P → X.
We will omit the subscript P inB X,P unless a particular principle bundle is referred.
Proof. Because a principal G bundle over S 6 is determined by its transition function over the equator, we have a homotopy equivalencẽ
Lemma 4.3. Assume k < 2n. There is an isomorphism
Proof. We first compute the cohomology of iterated loop spaces of odd spheres since they are the building blocks of loop spaces of SU (n). When k < 2n + 1, we claim
This can be proved by induction on k. When k = 0, this is clearly right. Assume k is even. Consider the fibration
The condition k < 2n + 1 guarantees the base to be connected and simply connected. By the induction assumption, the bottom row of E 2 page of the Lerray-Serre spectral sequence is
where the second copy of Z appear in degree 2n + 2 − k. Since the path space is contractible, the claim follows. The other half of the claim can be check similarly.
Consider the spectral sequence for the fibration
The j-th row of E 2 page is zero when j = 2, 3, . . . , 2n − k. The convergence of spectral sequence gives
Remark 4.4. The integral cohomology of Ω k S 2n+1 is in general not torsion free. However, the previous lemma shows that for big n the cohomology of low degree is torsion free.
Recall that the stable special unitary group SU is defined to be the direct limit
In general, the cohomology functor doesn't commute with direct limit. The discrepancy is measured by the derived functor lim − → 1 . However, by Lemma 4.3 lim − → 1 vanishes. Therefore, for fixed N and k
when n ≫ 0. The Bott periodicity theorem says there is a homotopy equivalence ΩSU ≃ BSU.
We are interested in the first and the second cohomology group of Ω 5 SU (n), i.e. N = 1, 2. By Bott periodicity,
We can apply the same technique to compute cohomology ofB S 2 andB S 3 . BecauseB S 2 is homotopic to ΩSU (n), for sufficiently big n H
Surgery
Given a (real) smooth manifold M of dimension n = p + q and an embedding φ :
One says that the manifold M is produced by a surgery cutting out S p × D q and gluing in D p+1 × S q−1 , or by a p-surgery if one wants to specify the number p. In this section, we will focus on the case n = 6 and p = 2, 3. Surgery is symmetric in the sense that M can be obtained from M ′ by a q − 1 surgery. Therefore, on 6-manifolds, 2-surgery and 3-surgery are inverse to each other. In complex geometry, a 2-surgery on a 3-dimensional complex manifold X can be understood as follows. First, we find a smooth rational curve C ⊂ X whose normal bundle is trivial as a real vector bundle. By contracting C, we obtain an analytic space with a conifold singularity. Then by smoothing this singularity we obtain a new complex manifold that contains a vanishing cycle S 3 . There is a question how to judge whether such embedding φ :
exists or not. This is in general a hard problem. Fortunately, for those 6-manifolds we will discuss, φ can be found. In this section, we will show a large class of CY threefolds can be transformed to S 6 by operating sequences of 2-surgery and 3-surgery.
As a convention, we denote M − (respectively M + ) for the manifold that is produced by operating a 2-surgery (respectively 3-surgery) on a 6-manifold M . We give a few examples of surgeries. The above theorem implies that we can reduce M to S 6 by a sequence of 2-surgery and 3-surgery.
Remark 4.8. The w 2 vanishing condition plays an essential role. Let M be an orientable closed manifold of (real) dimension 6 with w 2 (M ) = 0. Any embedded two sphere inside M has a trivial normal bundle. This is because orientable rank 4 real vector bundles on S 2 are classified by maps from S 1 to SO(4). Since π 1 (SO(4)) = Z/2Z, the bundle is trivial if and only if its w 2 vanishes.
Comparison ofB
Let M be a real 6-manifold. Let P be a principle G-bundle over M for G = SU (n) with n sufficiently big. Recall thatB M,P (B M for short) is the space of gauge orbits of framed G connections on P . In this section, we study the change of cohomology ofB M under surgeries.
There are two cofibrations associating to the 2-surgery:
whereM is the topological space obtained by contracting • There exists a finite sequence of p-surgeries for p = 2, 3 that transform X to S 6 ;
• The 3-surgeries only involve those embedded S 3 whose homology classes are odd (or zero) power of primitive classes. Proof. This follows from proposition 4.2, theorem 4.9 and theorem 4.10.
Corollary 4.13. If X is an admissible CY 3-fold and
X , Z) is torsion free and
Proof. There is a weak homotopy equivalencẽ
The right hand side is homotopic to M ap * (X, BSU (n)) × M ap * (X, BSU (m)). The corollary then follows from corollary 4.12.
Corollary 4.14. Let X be a simply connected torsion free CY 3-fold.
(1)B X andB (2) X are simply connected.
X , Z) are torsion free. Proof. Because CY 3-folds are spin, theorem 4.7 is applicable. X can be constructed by operating a sequence 3-surgeries on connected sum of k copies of S 3 × S 3 . Part (2) follows from theorem 4.7, corollary 4.12 and corollary 4.13. We prove part (1) forB X . The other case can be checked similarly. Apply the homotopy long exact sequence tõ
Because π 1 (B S 3 ) = π 2 (B S 3 ) = 0,B M + is simply connected ifB M is simply connected. Therefore, we may assume that X is the k connected sum of S 3 ×S 3 . There is a cofibration
It induces a fibrationB
BecauseB S 6 andB S 3 are both simply connected,B X is simply connected.
Many interesting CY 3-folds are admissible. Let P ∆ be a simply connected and torsion free toric variety. Any generic complete intersection CY 3-fold in P ∆ is simply connected and torsion free by Lefschetz hyperplane theorem and universal coefficients theorem. For instance, a smooth quintic threefold in P 4 is simply connected and torsion free.
Existence of orientation data
We are ready to prove the main theorem 1.1. The idea is to embed the moduli space of coherent sheaves on X into a smooth but infinite dimensional space. Extend the determinant line bundle to the ambient space. Construct the square root √ L and isomorphism √ θ for the extension. First, we recall a theorem of Joyce and Song that allows us to reduce the discussion to moduli of vector bundles. 
Let Φ N be the functor of spherical twist at the line bundle O X (−N ). Our desired autoequivalence Φ is certain power of Φ N . Given a bounded family M, one can choose N big enough such that the images of Φ are sheaves. Then one need to show that the tor dimension of the image can be reduced by choosing bigger N . This guarantees the images are vector bundles.
Suppose we have such an open immersion Φ : M → M, the following corollary is an immediate consequence of the fact that Φ preserves universal families. Because the rank of the image of Φ increases when we choose bigger N , the above corollary means that it suffices to consider determinant line bundle over moduli space of holomorphic vector bundles of sufficiently high ranks. Proof. By theorem 5.1 and corollary 5.2, we may work over moduli space of holomorphic bundles M of sufficiently high ranks. M is embedded into the infinite dimensional space B. In section 2.2, we show that L has an extension to B, which is denoted by L.
By theorem 3.1, the rational c 1 (L) is divisible by two. If B has no even torsion in the second cohomology group then L admits a square root.
Recall that B is a quotient ofB by G = SU (n). The homotopy fiber spacẽ B × G EG is a free quotient ofB × EG. Because G is 2-connected and EG is contractible, the first and the second cohomology ofB × G EG coincides with that ofB, which is torsion free by corollary 4.12. Moreover, sinceB is simply connected (corollary 4.14) L has a unique square root up to isomorphism. Now we prove the existence of the isomorphism √ θ in definition 2.7. Recall that a local trivialization of L is given by the determinant of the (truncated) elliptic operator D (l,k)
A . By theorem 2.6, one can pick an isomorphism θ:
by choosing a splitting E 2 ≃ E 1 ⊕ E 3 . Under the local trivialization of L, θ can be identified with a nowhere vanishing C-valued smooth function onB (2) , holomorphic over the analytic subspace M (2) . BecauseB (2) is simply connected (corollary 4.14), θ has a square root √ θ, unique up to a sign. It defines the isomorphism:
Finally, because L = L| M is holomorphic and θ| M (2) is an isomorphism of holomorphic line bundles the restriction √ θ| M (2) gives the desired isomorphism in 2.2.
Remark 5.4. In the triangulated category D b (X), there are many interesting t-structures besides coh(X). For example, the t-structures of perverse coherent sheaves. The objects in the heart of such a t-structure are complexes of coherent sheaves satisfying appropriate conditions. One can also ask the existence of orientation data in the heart of such t-structure. To extend our proof to these cases, one need to do gauge theory on complex of vector bundles. Some foundational problems are still open.
However, if the new t-structure can be obtained from coh(X) by tilting (in the sense of [10] ) then an orientation data on the new heart can be constructed using the isomorphism 2.2.
